This paper presents a tracking control scheme for spacecraft formation flying with a decentralized collision avoidance scheme, using a virtual leader state trajectory. The configuration space for a spacecraft is the Lie group SE(3), which is the set of positions and orientations in three-dimensional Euclidean space. A virtual leader trajectory, in the form of attitude and orbital motion of a virtual satellite, is generated offline. Each spacecraft tracks a desired relative configuration with respect to the virtual leader in an autonomous manner, to achieve the desired formation. The relative configuration between a spacecraft and the virtual leader is described in terms of exponential coordinates on SE(3). A continuous-time feedback tracking control scheme is designed using these exponential coordinates and the relative velocities. A Lyapunov analysis guarantees that the spacecraft asymptotically converge to their desired state trajectories. This tracking control scheme is combined with a decentralized collision avoidance control scheme generated from artificial potentials for each spacecraft, which includes information of relative positions of other spacecraft within communications range. Asymptotic convergence to the desired trajectory with this combined control law is demonstrated using a Lyapunov analysis. Numerical simulation results verify the successful application of this tracking control scheme to a formation maneuver with decentralized collision avoidance. 
converge to their desired state trajectories. This tracking control scheme is combined with a decentralized collision avoidance control scheme generated from artificial potentials for each spacecraft, which includes information of relative positions of other spacecraft within communications range. Asymptotic convergence to the desired trajectory with this combined control law is demonstrated using a Lyapunov analysis. Numerical simulation results verify the successful application of this tracking control scheme to a formation maneuver with decentralized collision avoidance. Nomenclature SE(3) = Lie group or set of positions and orientations of the rigid spacecraft moving in three-dimensional Euclidean space SO(3) = Lie group of orientations of the rigid body so(3) = Lie algebra of SO (3) , which is represented as the linear space of 3 × 3 skew-symmetric matrices se(3) = Semi-direct product of R 3 and so(3) and isomorphic to the vector space R 6 R 6 = Six dimensional real Euclidean vector space Spacecraft formation flying (SFF) is a technology applicable to space missions such as monitoring of the Earth and its surrounding atmosphere, geodesy, deep space imaging and exploration, and on-orbit servicing and maintenance of spacecraft. The formation of multiple spacecraft has several benefits including increased feasibility, improved accuracy, system robustness, flexibility, reduced cost, and reconfigurability [1] [2] [3] [4] . SFF also offers a graceful degradation of performance for a single spacecraft failure. If a single spacecraft malfunctions due to system failure, the remaining spacecraft may continue to perform the mission by making up for its fault [3] [4] [5] .
SFF control can be categorized into two types according to how the control decisions are made [2, 3, [5] [6] [7] . A centralized control is a type of coordinated control where a "leader" spacecraft works as manager to offer local control actions for the distributed system [7, 8] . On the other hand, decentralized control lets each spacecraft make its own control decisions according to its desired objectives [2, 5, [9] [10] [11] [12] [13] . A decentralized control scheme has two primary benefits over a centralized one: fault-tolerance and simpler control law. Any problems with the leader in a centralized control may lead to the disruption of the entire system whereas the failure of the local control agent in a decentralized control scheme does not necessarily collapse the entire system because it is confined to the failed local control agent. Decentralized control is able to work with relatively simple control laws because the whole controller design is divided into local control agents.
Furthermore, a decentralized control offers mild degradation of the system performance and reliability in the event of failure of a local control agent [5, 10] .
This study was motivated by the need for design of a single control scheme to deal with the coupled six-degrees-of freedom of motion of spacecraft in a formation, without having to design separate controllers for the orbital and attitude maneuvers. The six degrees of freedom of motion for each spacecraft are first expressed in the Lie group of rigid body motions. Thereafter, the tracking error in pose (position and attitude)
for each spacecraft is expressed using the exponential coordinates, which are obtained from the exponential map relating the Lie group of rigid body motions to its Lie algebra. A control scheme for asymptotically reducing the pose and velocity tracking errors is then obtained using the exponential coordinates to represent the pose tracking error. With this unified control scheme, translational and rotational maneuvers are simultaneously performed for a set of rigid spacecraft in order to achieve and maintain a desired formation from a given initial configuration. In addition, the domain of attraction of the feedback control scheme for formation keeping with collision avoidance is shown to be almost global, which is the best that one can do for a system evolving on a non-contractible state space, like the state space of rigid body dynamics, with continuous feedback.
Here a tracking control scheme for spacecraft formation flying using a virtual leader [2, 6, 14] is proposed, where the spacecraft are modeled as rigid bodies and are required to maneuver large ranges of motion in three-dimensional Euclidean space while tracking desired trajectories. Thus, the configuration space for each spacecraft modeled as a rigid body is the Lie group SE(3) [15] [16] [17] [18] , which is the set of positions and orientations of the spacecraft moving in three-dimensional Euclidean space. General treatments of mechanical systems whose configuration spaces are Lie groups are given in the references [19, 20] . Formation keeping is carried out with reference to a virtual leader. The virtual leader's state trajectory is obtained from the known dynamics model of a rigid "virtual" satellite in a central gravity field. This trajectory can be computed offline and is known to all spacecraft in the formation; therefore a central supervisor is not required for formation keeping. This scheme is shown to asymptotically track the desired formation, using a Lyapunov analysis.
This formulation, based on geometric mechanics, naturally considers the coupled translational (orbital) and attitude motion of spacecraft leading to six-degrees of-freedom motion, without having to design separate controllers for the orbital motion and the attitude motion. The attitude motion is detectably coupled to the translational motion because translational control is dependent on the spacecraft attitude for thrust direction.
The thrust direction error leads to the need for a coupled attitude and translational control strategy. Moreover, sensor measurements made by spacecraft in formation are usually available in the spacecraft's body-fixed coordinate frame. Therefore, it is important to consider this coupling because of the above-mentioned reasons [21, 22] . The coupled attitude and orbital controller design presented here can maximize the control efficiency of the spacecraft, by naturally considering the coupled translational and attitude dynamics. It is assumed that the mass and inertia properties remain constant during operation of actuators.
In practice, an open-loop control scheme cannot track a desired state trajectory in the presence of uncertain external forces and moments. A closed-loop feedback trajectory tracking scheme, based on feedback of translational and rotation motion states, can be robust to intermittent disturbances. A continuous-time feedback trajectory tracking scheme is proposed for three-dimensional translational and rotational motion, that ensures autonomous trajectory correction of each spacecraft to the desired trajectory. The desired trajectory for a spacecraft is obtained by having a constant desired relative configuration between the spacecraft trajectory and the trajectory of the virtual leader. The relative configuration (relative pose) of each spacecraft with respect to the virtual leader is represented by exponential coordinates in SE(3) [18] [19] [20] [23] [24] [25] . Thus, the kinematics of exponential coordinates is used to describe the relative kinematics between the virtual leader and spacecraft. The control scheme is designed to asymptotically reduce the relative configuration and relative velocities autonomously from almost any given initial state, except those that differ in orientation by a π radian rotation from the desired states at the initial time. Note that the exponential coordinates for the relative attitude (orientation) are not uniquely defined in this case [19, 20, 23] . Since the set of such initial states is an embedded lower-dimensional subspace of the state space, this tracking control scheme is therefore almost global in its convergence over the state space [15] . This makes it possible to apply this feedback tracking scheme for spacecraft formation control over a large range of relative motions between the individual spacecraft.
However, spacecraft may collide with each other during the formation flying maneuver depending upon the initial relative position and velocity conditions among the spacecraft. In order to prevent spacecraft colliding with each other or cope with possible collisions, spacecraft also need to have the capability to perform collision avoidance maneuvers. The decentralized collision avoidance scheme studied in this paper uses the virtual or artificial potential approach [26] . The way this method is applied is to assume that the spacecraft are immersed in a virtual potential field. This field generates a repulsive force that prevents the spacecraft from colliding with each other when they are too close; the field may also generate an attractive force between a pair of spacecraft when they are too distant from each other. Inspiration for a virtual potential has been taken from a simple and very well known physical model of molecular interaction, the Lennard-Jones potential [27, 28] . This virtual potential field is used to obtain a collision avoidance scheme for each spacecraft in the formation, by taking into account relative position information of other spacecraft within its communications range. Then this collision avoidance scheme is combined with the almost global tracking control scheme to perform formation flying, while avoiding possible collisions between spacecraft. A Lyapunov analysis is used to show that this combined formation control scheme asymptotically converges to the desired spacecraft formation. The concepts of virtual leaders along with artificial potentials have been considered before for vehicle formations where the vehicles are modeled as point masses in the framework of geometric mechanics (see, e.g., Ref. [29] ). Artificial potentials have also been used before for stabilizing single rigid body and multibody systems (see, e.g., Refs. [30, 31] ). A preliminary version of this work, without the artificial potential-based collision avoidance scheme, was presented recently [32] . The novelty of this work is that it combines the concept of virtual leader with artificial potentials for collision avoidance to control rigid body vehicle formations in the framework of geometric mechanics.
The remainder of this paper is organized as follows. Rigid body dynamics models for the virtual leader and the spacecraft required to be in formation, are described in Section 2. The almost global tracking scheme for spacecraft formation control with a virtual leader, its stability analysis and the collision avoidance scheme are described in Section 3. In Section 4, numerical simulation results are provided for three spacecraft required to form an equilateral triangle formation in relative positions and attitude synchronization, while the virtual leader is in a highly elliptic Earth orbit. Finally, Section 5 presents a concluding discussion of results obtained and possible future directions.
II. Spacecraft Dynamics Models
The dynamics of the "virtual leader spacecraft" and the dynamics of the spacecraft required to be in formation are described. All spacecraft are assumed to be rigid bodies in a gravitational field in the Earth's orbital environment. The virtual leader spacecraft is assumed to move in unconstrained natural motion in this environment. The desired trajectories for the spacecraft are obtained by specifying their relative pose (position and orientation) with respect to the virtual leader's trajectory. The translational dynamics models used here for the spacecraft includes the major effect of Earth oblateness on orbit (J 2 ) which is the second zonal harmonic.
A. Dynamics Model and State Trajectory of the Virtual Leader
The virtual leader is modeled as a rigid spacecraft that orbits the Earth, which is assumed to be oblate (including the J 2 effect). The configuration space of the virtual leader is the special Euclidean group SE(3), which is the set of all translational and rotational motions of a rigid body. SE(3) is also a Lie group and can be expressed as the semi-direct product SE(3) = R 3 ⋉ SO(3), where SO(3) is the Lie group of special orthogonal matrices representing orientations of the spacecraft body, and R 3 is the three-dimensional real Euclidean space of positions of the center of mass of the body. A superscript (·) 0 is used to specify the virtual leader states and parameters. The virtual leader attitude is represented by the rotation matrix R 0 ∈ SO(3) that transforms a virtual leader body-fixed frame to the Earth-centered inertial (ECI) frame. The virtual leader's position is expressed by the inertial position vector b 0 ∈ R 3 from the origin of the ECI frame to the center of the mass of the virtual leader. Translational and angular velocities of the virtual leader are expressed by the vectors ν 0 ∈ R 3 and Ω 0 ∈ R 3 , respectively, as represented in its body-fixed frame. The kinematics of the virtual leader is expressed as:ḃ
where the operator (·) × : R 3 → so(3) is the cross-product operator defined by
Here, so(3) is the Lie algebra of SO(3), which is represented as the linear space of 3 × 3 skew-symmetric matrices. The Lie algebra of SE(3), denoted as se (3), is a six-dimensional vector space that is tangent to SE(3) at the identity element. The algebra se(3) is a semi-direct product of R 3 and so(3), and is isomorphic to the vector space R 6 . Let the virtual leader's mass be chosen as m 0 and its moment of inertia matrix be J 0 in its body frame. The dynamics of the virtual leader is given by:
where F 0 g , M 0 g ∈ R 3 denote the gravity force and gravity gradient moment on the leader, respectively, as given by
Here The configuration of the virtual leader on SE(3) can also be represented by the following 4 × 4 matrix:
Denote the vector of body velocities of the virtual leader by
Thereafter, the kinematics of the virtual leader in Eq. (1) can be expressed as follows:
The mass and inertia properties assigned to the virtual leader are expressed as a 6 × 6 matrix, and the vector of gravity forces and moments by a 6 × 1 vector, as follows:
, and
The adjoint operator and co-adjoint representations where the adjoint action of SE (3) on se(3) are defined in the same manner as that between a Lie group and its corresponding Lie algebra. The adjoint action of
where (·) | : se(3) → R 6 is the inverse of the vector space isomorphism (·) ∨ : R 6 → se(3). The adjoint representation of se (3) is expressed in matrix form as
The co-adjoint operation is described on the dual of the Lie algebra, which can also be identified with R 6 . In matrix form, the co-adjoint representation is given by
Using the co-adjoint operator, the dynamics model of a spacecraft or other object modeled as a rigid body can be compactly expressed. The dynamics of the virtual leader in Eqs. (2)- (3) are expressed in this compact form below:
Note that without the external moment and force due to the Earth's gravity, the above equation is the EulerPoincaré equation on SE(3) [19] . The kinematics in Eq. (9), the dynamics in Eq. (14), along with known initial states (g 0 (t 0 ), ξ 0 (t 0 )) at time t 0 , can be used to generate the state trajectory of the virtual leader spacecraft for time t ≥ t 0 .
B. Spacecraft dynamics
The configuration of the kth spacecraft is given by the position vector from the origin of the geocentric inertial frame to the center of mass of the kth spacecraft (denoted by b k ∈ R 3 ), and the attitude which is
given by the rotation matrix from a body-fixed coordinate frame to the geocentric inertial frame (denoted (3)). The kinematics for the kth spacecraft takes the same form as the kinematics for the virtual leader, and is given by:ḃ
The kinematics in Eq. (15) can be expressed as:
ν k ∈ R 3 is the translational velocity, and Ω k ∈ R 3 is the angular velocity of the kth spacecraft, both vectors being expressed in the spacecraft's body frame. The superscript k denotes states and parameters of the kth spacecraft. The state space for each spacecraft's motion is SE(3) × R 6 . Let φ k c : SE(3) × R 6 → R 3 denote the feedback control force acting on the spacecraft, and let τ k c : SE(3) × R 6 → R 3 denote the feedback control torque acting on the spacecraft. The dynamics equations of motion for the kth spacecraft are:
where
denote the gravity force and gravity gradient moment, respectively, on the kth spacecraft.
The gravity force and moment on the kth spacecraft have the same form as the gravity force and moment on the leader, which are given by Eqs. (4)- (5). Note that unlike the dynamics models of terrestrial unmanned vehicles (as in [15] ) or spacecraft in (nearly) circular orbits (as in [34] ), for spacecraft moving in general orbits or trajectories, the gravity forces and moments vary with the location (inertial position vector b k ) of the kth spacecraft. The dynamics in Eq (17)- (18) can then be expressed in the compact form:
where ϕ k c ∈ R 6 is the vector of control inputs (torque and force) and ϕ k g ∈ R 6 is the vector of known gravity inputs (moment and force) on the kth spacecraft. The acceleration due to the Earth oblateness effect J 2 on the kth spacecraft a k J 2 has the same form as that given in equation (6) .
III. Almost Global Asymptotic Tracking of Spacecraft Formation Maneuvers

A. Setting up a formation
Let the configuration of the formation be given by (h
n , where h k f denotes the fixed relative configuration of the kth spacecraft to the virtual leader. The h k f provide the appropriate interspacecraft separations and relative orientations. Let (g k , ξ k ) ∈ SE(3) × R 6 denote the states (configuration and velocities) of the kth spacecraft. Fig. 1 illustrates a formation maneuver of three spacecraft and the virtual leader for an equilateral triangle formation flying, represented relative to the virtual leader's body coordinate frame. In this figure, S1, S2 and S3 denote spacecraft 1, spacecraft 2 and spacecraft 3, respectively. Given the virtual leader trajectory generated by equations (9) and (14), the desired states of the kth spacecraft are
and the relative configuration between the kth spacecraft and the virtual leader is
The configuration tracking error of the kth spacecraft is expressed in exponential coordinates using the logarithm map:
where log : SE(3) → se(3) is the logarithm map (inverse of the exponential map). This makesη k the exponential coordinate vector giving the relative configuration between the desired configuration and the actual configuration of the kth satellite in the formation. This exponential coordinate vectorη k for the configuration tracking error for the kth spacecraft is expressed as
whereΘ k ∈ R 3 andβ k ∈ R 3 are the exponential coordinate vectors for the attitude tracking error (principal rotation vector) and the position tracking error, respectively.
Remark 1
The logarithm map log: SE(3) → se (3) is bijective when the principal angle of rotation corresponding to R(Θ k ) has a magnitude less than π radians, i.e., Θ k < π. It is not uniquely defined when Θ k is exactly π radians.
The relative velocities of the kth spacecraft with respect to the virtual leader are obtained by taking a time derivative of both sides of Eq. (21) and substituting Eqs. (9) and (16), which yields
is the relative velocity of kth spacecraft with respect to the virtual leader in the kth body-fixed frame. Let us denote the quantities
at initial time t 0 , and assume that all these quantities are known; these are known if the initial state of the kth spacecraft is known. The kinematics in exponential coordinates is given in Ref. [24] as follows:η
From Ref. [24] , the following expansion for G(X), where X ∈ R 6 , in terms of the adjoint representation of se(3) is obtained:
and
and θ = X R is the Euclidean norm of X R ∈ R 3 , which is the vector of the first three components of the exponential coordinate vector X ∈ R 6 , and I is 3 × 3 identity matrix. Therefore, θ corresponds to the principal rotation angle. Note thatη k is not uniquely defined when the corresponding principal rotation angle is π
, the function G(η) can be expressed as a block-triangular matrix, as follows [24] :
where θ = Θ is the norm of Θ, which is the vector of the first three components of the exponential coordinate vector η ∈ R 6 ; therefore, θ corresponds to the principal rotation angle. The exponential coordinate vector of Θ and its time derivatives are obtained form Rodrigues' formula, which is a well-known formula for the rotation matrix in terms of the exponential coordinates on SO(3):
The following result, also given in [24] , is used to prove the main result on the tracking control scheme in the next subsection.
Lemma 1 The matrix-valued function G(·)
: R 6 → R 6×6 defined by (26) (or equivalently, (27) ), satisfies the relation
with the expression for G(η) given by (27) , it is clear that
From the expression for A(Θ), it is clear that
The second component, after some algebra, is evaluated to be
Therefore,
which gives the desired result.
Note that this result also follows from the expansion of G(X) in terms of ad X as given by Eq. (26), since ad X X = 0 for any vector X ∈ R 6 . The vector of relative velocities can be expressed as
The expression for the relative accelerations, i.e., the time derivative ofξ k , can be obtained from the time derivative ofξ k in Eq. (30) as derived in the Appendix, and is given bẏ
Substituting
B. Trajectory tracking errors
The desired state trajectory of the spacecraft required to maintain the formation is given by the desired configuration g 0k and its time derivative, which gives the desired velocities, ξ 0k = Ad (h k f ) −1 ξ 0 as in Eq. (20) . Let us denote the desired state trajectory for time t ≥ t 0 by the desired position vector in the inertial frame b 0k (t), the desired attitude R 0k (t), and the desired translational and angular velocity in body frame, ν 0k (t)
and Ω 0k (t) respectively. The kinematics in SE(3) still holds for the desired states. Next, as in Ref. [15] , define the trajectory tracking errors of the kth spacecraft as:
position tracking error in the inertial frame;
x k (t) = (R 0k ) T (t)a k (t) position tracking error in the kth spacecraft's body frame;
The tracking error kinematics in left invariant from on SE(3) is expressed bẏ
Note that the expression forξ k given by Eq. (24), when evaluated for the relative angular and translational velocities, gives the expression in Eq. (33) above. Note also that h 0k = exp (η k ) ∨ , whereη k is as defined by (22) . The control law ϕ c is designed to asymptotically track the desired states such that the relative
wheneverη k is uniquely defined on the state space.
C. Almost global asymptotic tracking control law for spacecraft formation flying A nonlinear full state feedback tracking control scheme is designed for each spacecraft in the formation such that the spacecraft follows its desired trajectory which maintains a constant relative pose with respect to the virtual leader. The control law for the kth spacecraft in the formation achieves almost global asymptotic tracking of its desired state trajectory, which is based on its relative motion with respect to the virtual leader, as described earlier. This control law is given by the following statement, which is the main result of this paper.
Theorem 1 Consider the feedback control law for ϕ k c given by Proof : For the closed-loop feedback control given by Eq. (34), the following Lyapunov candidate function for the kth spacecraft is proposed: 
The time derivative of V k along the trajectories of the feedback system is obtained by substituting the control law (34) into (38) :
andV k = 0 if and only if ℓ k = 0. Thus, it is seen thatL is negative semidefinite in (η k ,ξ k ). The dynamics of the feedback system in terms of the exponential coordinates describing the motion relative to the virtual target, is obtained by substituting the control law (34) into equation (32) . These equations of relative motion for the feedback system are:η
Evaluating the second time derivative of V from (39):
Substituting eqs. (40) and (41) into eq. (42) yields:
Therefore, if ℓ k is bounded,V k is bounded for the feedback system. From Barbalat's Lemma [35] , it can be concluded thatV k converges to zero, from which it can be concluded that ℓ k converges to the zero vector.
Next, it is shown that when ℓ k converges to the zero vector, bothη k andξ k converge independently to zero
Substituting Eq. (35) into the time derivative of exponential coordinates in Eq. (40), this can be expressed in terms of exponential coordinates η k :η
Substituting Eqs. (23) and (27) into Eq. (45) and using Lemma 1, the time derivatives of the attitude and position vector trackings in exponential coordinates, when ℓ k converges to zero, can be expressed as:
From equation (46), it is clear thatΘ k converges exponentially to the zero vector. From Eq. (27) , note that
Thus, the time derivative ofβ k approacheṡ
Therefore, asΘ k converges to zero exponentially,β k also converges to zero exponentially. Therefore ℓ k → 0 implies thatη k → 0 andξ k → 0. Given thatη k is defined for all relative configurations except those that have a relative orientation with principal rotation angle of π radians, this control scheme can converge to the desired trajectory from almost all initial states except those that have a relative orientation with a principal angle of π radians. Thus, the convergence is almost global over the state space SE(3) × R 6 .
Remark 2 The equations (40)- (41) can be implemented with a standard integration scheme like Euler's method or Runge-Kutta methods, sinceη k and ξ k are vectors in R 6 . Thereafter, the relative configuration is obtained from
and the absolute configuration of the kth spacecraft is given by
D. Collision Avoidance Scheme
Here a decentralized strategy for collision avoidance is outlined, based on inputs generated by an arti- 
The principal logarithm (i.e the rotation part ofη k j has norm less than π) is used to define the configuration error of the jth spacecraft as observed from the kth spacecraft, which is expressed in exponential coordinates
Using this definition of relative configuration as expressed by exponential coordinates, the following metric on SE(3) is defined:
where W > 0 is a constant positive definite matrix (could be positive diagonal). This matrix could be chosen to have appropriate physical units so that d(g k , g j ) has the physical unit of length. As an example, one could choose W to be of a block diagonal form, as follows:
where W 1 has physical units given by the ratio of the square of the length unit and square of the angle unit (m 2 ·rad −2 in SI units), while W 2 is dimensionless.
Note that the exponential coordinate vector given by the principal logarithm as in Eq. (53), is within the injectivity radius of the exponential map, as defined in [36] .
Therefore the function d(·, ·) : SE(3) × SE(3) →
R + defined by (54) has the same properties on SE(3) as it does on se(3), and is clearly a metric function. A positive definite artificial potential function defined on SE(3) for the kth spacecraft is obtained as could be used to generate a control force on the kth spacecraft in the kth spacecraft body-fixed frame when it is in close proximity of the kth spacecraft, in order to avoid a collision. The control force φ k j r thus generated on the kth spacecraft due to proximity of the jth spacecraft, is given as follows: 
where R k ∈ SO (3) is the rotation matrix from the kth spacecraft body-fixed frame to the inertial frame and b j and b k are the inertial position vectors of the centers of mass of the jth and kth spacecraft respectively.
is a normalized unit vector directed as the line going from the center of the jth spacecraft to the kth spacecraft. The control force in Eq. (56) 
where N k is the number of elements in N k or the number of spacecraft whose r k j is less than x k j m . Without averaging, the magnitude of φ k r can be strongly dependent on N k . The averaging removes this unnecessary dependence [37] . 
where ε k j and P are chosen to ensure that for 2
is satisfied for 0 < γ < 1. Therefore the feedback system for the kth spacecraft given by Eqs. (16), (19) and the control law Eq. (59) asymptotically tracks the trajectory (g k , ξ k ) = (g 0k , ξ 0k ) given by Eq. (20), while avoiding collisions with other spacecraft in the formation. Moreover, the domain of attraction of this trajectory is almost global over the state space SE(3) × R 6 .
Proof : Define the following input vector, using the artificial potential defined by Eq. (58):
The combined control law in Eq. (59) is then expressed as the resultant of the feedback control scheme in Theorem 1 and the control input in Eq. (61) obtained from the artificial Lennard-Jones potential, as follows:
The feedback dynamic system in Eq. (41) shown as two regions that are divided by the vertical dashed line in this figure.
From Fig. 2 , one can see that by choosing ε k j and P appropriately, the inequality (60) is satisfied; in particular, this can be ensured by choosing ε k j and P to satisfy this inequality when r k j = x k j m 2 1 6 . Note that by Eq. (58) and inequality (60), one obtains
Therefore, the time derivative of V k in (64) is upper bounded by substituting expressions (65), (66) and (69), as follows:
Therefore, by Theorem 4.10 and Lemma 9.1 of Ref. [38] , the feedback system consisting of (25), (19) , and control law (59) is globally asymptotically stable at (η k ,ξ k ) = (0, 0) ∈ R 6 × R 6 .
Remark 3 Note that the control law (59), when applied to the physical rigid spacecraft system given by (16) and (19) , leads to (g k , ξ k ) asymptotically tracking (g 0k , ξ 0k ) ∈ SE(3) × R 6 . However, this system is not Lyapunov stable on this trajectory, since the mapping from exponential coordinates to SE(3) is manyto-one, which leads to instability due to unwinding on SE(3) × R 6 . This would not be an issue in practice, unless some spacecraft are initially tumbling. For spacecraft that are tumbling, an almost global attitude stabilization scheme [39, 40] that is Lyapunov stable on SO(3) × R 3 may be used prior to initiating the formation maneuvers.
IV. Numerical Simulation Results
This section presents a set of numerical simulation results to demonstrate the capabilities of the control schemes in Theorem 1 and Corollary 1 for a given mission scenario. For this mission scenario, an equilateral triangle formation, as illustrated in Fig. 1 , is chosen as a rigid spacecraft formation, with the virtual leader at the center of the formation. The virtual leader's center of mass position and velocity at the initial time correspond to that of a point mass in a Molniya orbit, which has a high eccentricity of 0.72 [41] . The mass and moment of inertia of the virtual leader and that of the spacecraft in formation are assumed to be identical. The Table 2 Initial relative rotational motion of spacecraft with respect to virtual leader matrix of the form Table 1 shows the initial relative positions and relative translational velocities with respect to the virtual leader for spacecraft 1, 2 and 3, respectively. Table 2 shows the initial principal rotation angle differences between each spacecraft and the virtual leader and relative angular velocities of spacecraft 1, 2 and 3 with respect to the virtual leader. Figure 3 presents the planar trajectories in the leader's body-fixed frame obtained without (left) and with (right) collision avoidance maneuvers. The left side of Fig. 3 shows that the planar trajectories in the leader's body-fixed frame intersect with each other when the collision avoidance maneuver is not performed. On the other hand, the right side of Fig. 3 shows that the planar trajectories of spacecraft 2 and 3 initially approach each other but then repel each other due to the repulsive forces generated by the collision avoidance scheme of Corollary 1; in both cases, the spacecraft arrive at their desired relative positions in the equilateral triangle formation at the end of the simulation. ance maneuver during the first minute of the simulation. this force is about 15.93 N, which is practically implementable for the given spacecraft mass and inertia properties. After the initial collision avoidance maneuver, the norms of control forces recede to small values while the spacecraft perform approach, attitude alignment, and station-keeping. formation from all initial states in which the exponential coordinates are uniquely defined. The tracking control law is then combined with a decentralized control scheme for collision avoidance, which is obtained using an artificial potential constructed from Lennard-Jones potentials. This combined control law is then analytically shown to converge asymptotically to the desired formation while avoiding possible collisions between the spacecraft during their approach maneuvers, leading to a spacecraft formation flying approach with a large domain of convergence.
In order to verify the performance of the control laws, a numerical simulation for a particular formation is carried out. An equilateral triangle formation between three spacecraft is selected for the desired spacecraft formation. The spacecraft perform coupled maneuvers autonomously from given initial conditions to achieve the desired relative positions in formation, synchronize their attitudes, track the required relative velocities, and maintain them for the desired formation. The numerical simulation results verify that the feedback control scheme is able to correct and update the states of each spacecraft in the formation using the given time trajectory of the virtual target. In addition, the feedback tracking control combined with the decentralized collision avoidance control scheme is able to carry out the approach maneuvers while avoiding possible collisions when any spacecraft pair is closer than the desired relative distance for that pair in the final formation. Future work will look at performing such decentralized formation maneuvers without using generalized (local) coordinates like the exponential coordinates.
If X = η ∨ for some η ∈ R 6 , and if
then this operator can be expressed by the matrix
such that
The time derivative of the adjoint action Ad h −1 ξ 0 in (30) is derived from the adjoint operation on the Lie algebra. Taking the time derivative of Ad h −1 ξ 0 :
Since d dt h −1 = −h −1ḣ h −1 = −ξ ∨ h −1 , it can be seen that:
Finally, Eq. (77) can be re-arranged using equations (75) and (11) 
